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Abstract
A two-dimensional model is proposed for intercellular calcium (Ca2+) waves with
Ca2+-induced IP3 regeneration and the diffusion of IP3 through gap junctions. Many
experimental observations in glial cells, i.e. responding to local mechanical stimulation,
glutamate application, mechanical stimulation followed by ACh application, and glutamate
followed by mechanical stimulation, are reproduced and classified by the model. We show that
a glial cell model with bistable dynamics, i.e. a Ca2+ oscillation state coexisting with a fixed
point, can cause a prolonged plateau of Ca2+ signals in the cells nearby the stimulated cell
when the cell network responds to the local mechanical stimulation.

1. Introduction

Calcium waves are as prevalent in astrocytes as action
potentials in neurons. The long-range intercellular calcium
(Ca2+) signals provide a mechanism for the integration and
transmission of information between cells [1–5]. In glial
cells, experiments confirmed a direct role of Ca2+ signals in
modulating the neuronal excitability and synaptic transmission
with the release of the transmitter glutamate [6, 7], although
the detailed dynamics are still under investigation [8].

Intercellular Ca2+ wave (ICW) can be induced in
responding to bath application of glutamate or ATP in glial
cells [1, 2]. Mechanical or electrical stimulation can also
generate the ICWs [2, 3, 9–11]. Intracellularly, Ca2+ signals
in glial cell result from the release of Ca2+ from intracellular
stores, e.g. endoplasmic reticulum (ER), through the inositol-
1,4,5-trisphospate receptor (IP3R) channel. IP3Rs can be open
upon the bindings of Ca2+ ion and the second messenger
inositol-1,4,5-trisphospate (IP3). Two different types of
intracellular Ca2+ waves were observed in the experiment
responding to the local mechanical stimulation: an oscillatory
Ca2+ response [1–3, 11] or a single sustained Ca2+ transient
[4, 5, 9, 10].

A basic question concerning the intercellular Ca2+ signals
is the mechanism how the signal can spread to neighboring
glial cells to produce ICWs. Compelling data show that
the permeability of intracellular IP3 messenger or Ca2+ ions

through gap junctions and the spreading of extracellular
ATP messenger are important mechanisms for ICWs
[1–7, 12]. However, the extent to which Ca2+ waves depend on
intracellular or extracellular messengers appears to be species-
specific and under certain physiological conditions [9, 10, 13].
Many studies suggest that in rat glial cells the mechanism to
propagate Ca2+ waves, induced by mechanical stimulus or a
focal application of neurotransmitters, appears to rely mainly
on the intercellular diffusion of IP3 through gap junctions
[2, 5, 11].

Understanding of intercellular Ca2+ processes can
be greatly facilitated by mathematical modeling [14–24].
Different ICW models have been proposed, to simulate either
the oscillatory Ca2+ response [14–19] or the sustained Ca2+

transient [20–24]. Different coupling mechanisms among
cells have been investigated, including the IP3 gap-junction
diffusion [16, 18–20], the Ca2+ gap-junction diffusion [15, 17,
21, 22], both the IP3 and Ca2+ diffusions through gap junction
[23], or the extracellular diffusion of messengers ATP and UTP
together with the IP3 gap-junction diffusion [24]. A nonlinear
gap junction for IP3 diffusion has recently been suggested also
for long-distance regenerative ICWs [14].

A widely simulated experiment is the ICWs induced by
local mechanical stimulation. The mechanical stimulation
induces a high IP3 concentration in the stimulated cell.
For those models with IP3 diffusion through gap junctions
[16, 18–20], the IP3 messenger can directly propagate into the
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nearby cells, setting up a spatial gradient of IP3 across the
cell network and causing different patterns of Ca2+ signals in
different cells. It has been suggested that the Ca2+-induced
IP3 regeneration is not a necessary term [18–20]. Later, Hofer
et al showed that a model with IP3 regeneration and gap-
junction diffusion is indeed compatible with the limited spatial
range of ICWs observed in the experiments and can account for
many of the observed features of wave propagation, such as the
realistic wave ranges and the sensitivity of the wave range to
the stimulus [23]. With a two-cell coupled model, Ullah et al
indicated that Ca2+-induced IP3 regeneration is a necessary
factor in order to observe the anti-phase synchronization
observed in experiment [25].

In the paper, we study the ICWs with oscillatory Ca2+

signals. A prominent feature observed in experiment is that
the glial cells show a very prolonged oscillating Ca2+ signals
(more than 160 s) responding to a local mechanical stimulation
[11, 19]. Although the oscillatory ICW models in [14–19]
can reproduce many experimental observations, the ICW
responding durations predicted by these models are typically
less than 100 s [18, 19]. Besides the experiment with local
mechanical stimulation [2, 3, 9, 11], some other experimental
observations in glial cells, i.e. glutamate application [1, 2],
mechanical stimulation followed by ACh application [11, 19]
and glutamate followed by mechanical stimulation [2], are
seldom discussed with mathematical models systematically
[15–24].

An ICW model is proposed here with the IP3 diffusion
through gap junctions and a small term of Ca2+-induced
IP3 regeneration. Different from most of the ICW models
[14–25], our model has bistability behavior (i.e. an oscillating
state coexisting with a fixed point) in a large parameter
range. Many behaviors of the intracellular Ca2+ oscillations
are related to the bistable states. We show that, with such
bistable states and the IP3 regeneration dynamics, the model
can produce a very prolonged Ca2+ signal responding to
a mechanical stimulation, as observed in experiment [11].
Furthermore, we use the model to systematically discuss
various experimental results of glia cells, responding not
only to local mechanical stimulation [2, 3, 9, 11] but also to
glutamate application [1, 2], mechanical stimulation followed
by ACh application [11, 19] and glutamate followed by
mechanical stimulation [2].

2. Theoretical model

2.1. The Ca2+ dynamics

In the model, each cell is spatially extended on a two-
dimensional plane. A schematic diagram for Ca2+ and IP3

dynamics in the model is given in figure 1(A). The Ca2+

elevation resulting from the release of Ca2+ from ER is
controlled by three calcium fluxes: the channel flux JC from
the ER to the intracellular space through the IP3R channels,
the pump flux JP from the intracellular space into the ER,
and the leakage flux JL from the ER to the intracellular space.
All these three fluxes are assumed to be distributed on the ER
membrane homogeneously. We ignore the cluster distribution

(A)

(B)

Figure 1. Scheme of the Ca2+ and IP3 dynamics in the cell model
(A) and network structure of 13×13 cells (B). Nearby cells are
coupled by IP3 permeability through the gap junction.

of IP3Rs on the ER membrane [26, 27]. The extrusion and
entry of cytosol Ca2+ across the plasma membrane are ignored
in the model. Considering the effective diffusion approach for
free Ca2+ with its buffers, the intracellular diffusion of Ca2+ is
written as

∂C(x, y)

∂t
= DC∇2C(x, y) + JC − JP + JL (1)

where C is the concentration of Ca2+ in the cytoplasm and DC

is the effective diffusion constant.
Various models have been proposed for IP3R channels

[28–32]. In our model we use a simple model proposed
by Li and Rinzel [29]. The Li–Rinzel model assumes that
three equivalent and independent subunits are involved in the
conduction of an IP3R. Each subunit has one IP3 binding site
(m gate) and two Ca2+ binding sites, one for activation (n gate)
and the other for inhibition (h gate). The m and n gates are
substituted by their steady states, m∞ and n∞, due to their fast
time scales. So the channel flux is given as

JC = vCm3
∞n3

∞h3(C − CE), (2)

with

m∞ = I

I + dI

,

n∞ = C

C + dC

,

(3)

where I is the concentration of IP3 in the cytoplasm and CE

the Ca2+ concentration in the ER pool. Due to its slow time
scale, the h gate is considered as a variable in the model [29]:

dh(x, y)

dt
= αh(1 − h) − βhh, (4)

with the opening rate αh and closing rate βh given as

αh = a1
I + d1

I + d2
,

βh = a2C.

(5)

The other two Ca2+ fluxes are read as [28, 29]

JP = vP

C2

k2
P + C2

, (6)

JL = vL(C − CE). (7)

Here, vC , vP and vL denote the rates of channel flux, pump
flux and leakage flux of Ca2+.
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2.2. The IP3 dynamics

In the model, we consider two distinct production terms for IP3

(figure 1(A)): one is a constant generation source Jβ for IP3

as a consequence of the steady activity of phosphoinositide-
specific phospholipase C (PLCβ) [23]. The other one Jδ

is the production of IP3 by PLCδ activity, giving a positive
feedback between Ca2+ and IP3 [23, 25, 33, 34]. Considering
the intracellular diffusion of IP3 in the cytoplasm and an IP3

degradation dynamics JD [19], we have

∂I (x, y)

∂t
= DI∇2I (x, y) + Jβ − JD + Jδ + Jstim, (8)

with

JD = vD

I

KD + I
, (9)

Jδ = vδ

C2

K2
δ + C2

, (10)

where DI is the diffusion coefficient for cytoplasmic IP3,
vD the IP3 degradation rate, and vδ the Ca2+-induced IP3

generation rate.
In the model we use Jstim to simulate various stimulations

applied to the cells. In experiment, in order to induce a large
IP3 concentration locally one can stimulate a single glial cell
mechanically by briefly deforming the cell surface [2, 11].
Correspondingly, we consider a term JM

stim for the stimulated
cell to represent the large IP3 generation rate caused by the
local stimulation. Following Sneyd et al [19], we typically set
Jstim = 1.0 μM s−1 in equation (8) to the central stimulated
cell for 15 s to simulate a local mechanical stimulation.

The bath application of glutamate or ACh in glial cells
is also used in the experiments to cause the production of IP3

in the glial cells [1, 3]. In the model, the glutamate and ACh
bath applications are simply represented by stimulation terms
JG

stim or JA
stim, respectively, applied in all the cells. Although

glutamate and ACh applications will trigger different signal
pathways to generate IP3 messengers and so there may be
different dose-responding functions for IP3 generation rate on
the glutamate and ACh [25, 33, 34], but the main concern in the
model is that a certain IP3 generation rate will be determined
upon the application of a certain dose of glutamate or ACh
bath. Thus, the IP3 responses to bath application of glutamate
and ACh are both simply modeled by the generating rate Jstim

in the model.

2.3. Cell network coupled with gap junction

A two-dimensional network of 13×13 glial cells is considered
(figure 1(B)). In the cell network, neighboring cells are coupled
by gap junctions that are assumed to permeate IP3 only.
Following the previous models [18–20, 23], we simply assume
that the gap junctions are homogeneously distributed through
the whole boundary of cell and so at each cell coupling
boundary the intercellular IP3 flux conditions read as [18]

DI∇I · n = PI (I+ − I−), (11)

where PI is the gap junctional permeability for IP3, I+ and I−
denote the IP3 concentrations on either side of the boundary,
and n is the unit normal vector to the boundary.

Table 1. Parameters of the model.

Parameter Value Parameter Value

Diffusion Parameters Ca2+ model Parameters
DC 20.0 μm2 s−1 CE 4.0 μM
DI 280.0 μm2 s−1 vC 2.2 s−1

PI 0.5 μm s−1 vL 0.002 s−1

vP 0.4 μM s−1

IP3 model parameters kP 0.025 μM
vD 0.05 μM s−1 dI 0.12 μM
KD 1.0 μM dC 0.02 μM
vδ 0.004 μM s−1 d1 0.13 μM
Kδ 0.1 μM d2 0.9 μM
Jβ 0.006 μM s−1 a1 0.4 s−1

a2 0.4 μM−1 s−1

2.4. Parameter selection and numerical method

The parameter values of the ICW model are listed in
table 1. The effective Ca2+ and IP3 diffusion constants DC and
DI are the typical values measured by Allbritton et al [35]. The
parameters related to the Ca2+ dynamics in equations (1)–(7)
are mainly based on the Li–Rinzel model [29] and adjusted in
order to give a Ca2+ oscillation as observed in the experiment.
The sensitive parameters affecting the ICWs are the parameters
related to the IP3 dynamics in equations (8)–(11). Here the IP3

degradation rate vD is taken from the experimental fitting with
N1E-115 neuroblastoma cells [36]. KD is obtained from the
simulation model [19]. The generation rate Jβ = 0.006 μM is
applied, resulting in the IP3 concentration 0.137 μM and the
Ca2+ concentration 0.007 μM at steady state.

As indicated by Sneyd et al [18], IP3 permeability
PI is quite an important parameter for ICWs. The ICW
model simulations suggest that a large value of 1–5 μm s−1

is expected [18–20, 23]. However, it was estimated that
the permeability of IP3 is about 0.1–0.4 μm s−1 in glial
cells, airway epithelium cells, earthworm giant axon septate
membrane and intercalated disks of myocardium [18]. In our
model, a value of PI = 0.5 μm s−1 is typically used.

We solve the model equations numerically by using the
forward Euler algorithm with C language for programming.
The cell network consists of 13 × 13 cells in the simulation.
Each cell has a size of 24 μm × 24 μm, represented by 12 ×
12 regular square grid points with spatial discretization length
of dx = 2 μm. The time increment is dt = 2 ms. The
IP3 messengers, but not Ca2+ ions, are permeable between
the cells. The intercellular IP3 permeability are numerically
solved by a first-order approximation of the fluxes across
the membrane proposed by [20, 22]. Actually we use the
numerical methods previously described in the appendix in
[22]. The no-flux boundary conditions around the edge of cell
network are applied. Simulation with more grid points in each
cell or with more number of cells in the network shows no
significant differences from the results given here.

Initially, every cell is set at the steady state with C =
0.007μM and I = 0.137 μM corresponding to Jβ =
0.006 μM s−1 without any external stimulation.
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3. Results

3.1. The point model

If we consider large intracellular diffusions for IP3 and Ca2+

and preclude the intercellular permeability of IP3, a point
model is obtained for the intracellular Ca2+ signals. Such
a point model consists of equations (1)–(10) with DC = 0
and DI = 0. Using the software XPPAUT, the bifurcation
diagrams of Ca2+ and IP3 concentrations as a function of Jstim

are plotted in figures 2(A) and (B), respectively. The stable
fixed points (SF) are plotted with the solid blue lines and the
maxima and the minima of stable periodic oscillations (SP)
are plotted with the solid red lines.

From figure 2, four typical regimes with different Ca2+

dynamics can be distinguished: regime I with a fixed
point at Jstim < 0.0003 μM s−1, regime II with a periodic
oscillation at 0.0003 < Jstim < 0.0006 μM s−1, regime III
with bistable states of a periodic oscillation and a fixed point at
0.0006 < Jstim < 0.005 μM s−1, and regime IV with a fixed
point at Jstim > 0.005 μM s−1. The period of the oscillating
state decreases from 41 to 12.5 s with the increase of Jstim in
regimes II and III.

In this point model, the interactions of Ca2+ and IP3

are mutual due to an IP3-induced Ca2+ release (JC in
equation (1)) and a Ca2+-induced IP3 generation (Jδ in
equation (8)). However, because of the small term of Ca2+-
induced IP3 generation Jδ , the IP3 messenger shows a very
small oscillating amplitude in the oscillatory state. As a result,
as plotted in figure 2(B), the four regimes of Jstim also simply
correspond to the four regimes of the IP3 concentration.

Actually the Ca2+ dynamics can be roughly understood
with the point model at Jδ = 0 in equation (8), i.e.
ignoring Ca2+-induced IP3 generation. With Jδ = 0, the IP3

concentration increases with the increase of Jstim. Then the
Ca2+ dynamics are simply modulated by the IP3 concentration,
and the model becomes the Li–Rinzel model described by
equations (1)–(7). The bifurcation diagram of the Ca2+

concentration as a function of IP3 for the Li–Rinzel model
is plotted in figure 2(C). Figure 2(C) clearly shows that the
four different Ca2+ dynamics are related to four regimes of the
IP3 concentration, i.e. regime I at I < 0.14 μM, regime II at
0.14 < I < 0.25 μM, regime III at 0.25 < I < 0.38 μM, and
regime IV at I > 0.38 μM, which are almost the same as the
four regimes of IP3 plotted in figure 2(B).

With the equilibrium bifurcation diagram, the dynamical
Ca2+ behaviors responding to the slow change of the IP3

concentration (or Jstim) can be understood. For example,
starting at I = 0, the slow increase of I causes a small increase of
Ca2+ with fixed point dynamics. Once I > 0.14 μM in regimes
II and III, the Ca2+ signal becomes an oscillatory dynamics.
When the increasing I goes into regime IV (I > 0.38 μM),
the Ca2+ dynamics changes back to a fixed point. However,
if starting at regime IV with I > 0.38 μM, the decreasing I
will generate a fixed point for Ca2+ signal until I = 0.25 μM.
Then an oscillatory Ca2+ signal will be born only when I is
in regime II. Such an oscillation will die and a fixed point of
Ca2+ will be generated when I < 0.14 μM in regime I.

(A)

(B)

(C)

Figure 2. The bifurcation diagram of the Ca2+ concentration
(A) and the IP3 concentration (B) versus Jstim for the point model
given by equations (1)–(10) with DC = 0 and DI = 0, and (C) the
bifurcation diagram of the Ca2+ concentration versus the IP3

concentration for the Li–Rinzel model given by equations (1)–(7)
with DC = 0. The solid blue lines represent the stable fixed point
(SF); the solid red lines represent the maximum and the minimum of
stable periodic oscillation (SP); the dashed blue lines represent the
unstable fixed point (UF), and the dashed red lines represent the
maximum and the minimum of unstable periodic oscillation (UP).

In the following sections, we will show that many
behaviors of the intracellular Ca2+ oscillations in each spatially
extended cell are related to the bistable states discussed in the
point model.

3.2. Local mechanical stimulation

A widely studied ICW is induced by the mechanical
stimulation locally on a single cell in the primary rat glial
culture [2, 3, 9, 11]. Mechanical stimulation of a glial cell
causes a local elevation of IP3 that subsequently spreads to its
neighbors, resulting in an ICW. Different responding Ca2+

patterns are observed in different cells in the experiment
(see figure 4 in [11]). For the cells which are close to the
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(A)

(B) (C)

Figure 3. The Ca2+ and IP3 waves responding to the local
mechanical stimulation. (A) The snapshots of intercellular Ca2+

waves in the cell network; (B) the Ca2+ signals in cells 1, 2, 3, and 4,
respectively, and (C) the IP3 signals in cells 1, 2, 3, and 4,
respectively. In all the gray patterns, the white dots represent
C = 0.5 μM and the black dots C = 0 μM. In all the trace figures,
the trajectories of Ca2+ and IP3 concentrations are obtained from the
central grid of the corresponding cells. The dashed blue line
represents the local mechanical stimulation with 15 s duration.

stimulated cell, the spike-type signal occurs, characterized by
the quick onset of a rapid burst of spikes in Ca2+, following a
prolonged high Ca2+ plateau. For the cells which are next to
the spike-type cells, the responding patterns are typically the
continuous-type or brief-type oscillations. Further away from
the stimulated cell, very little rise in Ca2+ can be observed in
response to the stimulation [11]. Typically, less than 100 cells
show Ca2+ responding waves [5].

In our model, the stimulated cell is located at the central
of the 13 × 13 cell network, i.e. the blacked cell shown in
figure 1(B). At first all the glial cells are in the steady state.
Starting from t = 5 s we set JM

stim = 1.0 μM s−1 for 15 s
in equation (8) to the central cell to simulate a mechanical
stimulation. The simulation results with the parameters listed
in table 1 are given in figure 3.

Figure 3(A) shows the snapshots of intercellular Ca2+

waves with time interval of 10 s. Because of the symmetry
of the model assumptions, symmetric ICWs are observed

in figure 3(A). Upon local mechanical stimulation, the
responding Ca2+ waves only travel 4 cells in any direction
in this example, involving totally 68 responding cells. There
are 80% cells, i.e. 56 cells out of 68 cells, showing oscillatory
response. So oscillating wave is the most prominent group,
as observed in experiment [11]. The spreading speeds of the
intracellular Ca2+ waves are varying between 25 and 40 μm s−1

at different cells and depending on the IP3 concentration. The
latencies of Ca2+ signal spreading from one cell to the nearby
cell increase from 4 to 40 s with the increase of the distance
from the stimulated cell.

Figures 3(B) and (C) plot the trajectories of Ca2+ and IP3

at the central grid in cells 1, 2, 3 and 4 (see figure 1(B) for
cell positions), respectively. In all the following figures, the
trajectories of Ca2+ or IP3 concentrations are obtained from
the central grid in the cells.

As shown in figures 3(B) and (C), different types of Ca2+

waves are observed in different cells. For cell 1, soon after
the application of mechanical stimulation at the central cell,
the large IP3 influx permeating from the central cell builds
up a high IP3 concentration. The first Ca2+ spike shown in
cell 1 in figure 3(B) corresponds to the transient oscillation
due to the fast increase of IP3 passing through regimes II
and III (regimes marked in figure 2). The increasing IP3

concentration soon goes into regime IV with I > 0.38 μM
and the cell shows a fixed point dynamics with a large Ca2+

concentration. After the stimulation, because of the less and
less IP3 influx from the stimulated cell and the more and more
IP3 efflux to the other nearby cells (such as cell 2), as well as
the IP3 degradation, the IP3 concentration increases first and
then decreases gradually. As long as the IP3 concentration is in
regimes IV and III (I > 0.25 μM), the cell typically shows a
fixed point dynamics, giving a long but decaying Ca2+ plateau.
Then after a short duration of transient Ca2+ oscillation with
IP3 in regime II, cell 1 finally settles down at the steady state
with the steady IP3.

In the experiment, a Ca2+ plateau is observed lasting more
than 160 s for the cells close to the stimulated cell [11]. In
the model the Ca2+ plateau in cell 1 prolongs to 175 s and the
responding signal is as long as 225 s (cell 1 in figure 3(B)).
A long Ca2+ plateau obtained in the model is because, even
when the decreasing IP3 falls into oscillating regime III, the cell
model still keeps the fixed point dynamics. For the simulation,
one can apply a larger Jstim with a longer duration easily in
order to induce a longer Ca2+ plateau in cell 1. But such
a stronger stimulus will also easily involve more responding
cells in the network than those observed in experiment [5].

The farther cells, e.g. cells 3 and 4, show a continuous
Ca2+ oscillation behavior. For these cells the permeating
IP3 influx, acting as the term Jstim, typically drives the cell
into the oscillating regime II or then III with 0.14 < I <

0.38 μM, causing an oscillatory dynamics only. From
figure 3(B), one can also see that the subsequent Ca2+

oscillations induced in cells 3 and 4 occur at different time
with different instant periods. Even for the same cell, the
instant oscillating periods become longer and longer with time
due to the decaying IP3. The instant periods of intracellular
Ca2+ waves are varying from 13 to 50 s. Similar results are
also observed in experiment [11].
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Figure 4. Effect of calcium-induced IP3 generation on the ICWs.
The figure shows the Ca2+ signals of cells 1, 2, 3, and 4 at vδ =
0.0 μM s−1, respectively. The dashed blue line represents the local
mechanical stimulation with 15 s duration.

For cell 2, which is located between cells 1 and 3, it
shows a mixed behavior of the plateau-type and oscillation-
type. At first, the IP3 concentration in cell 2 increases slowly
(figure 3(C)). Similar to cell 3, the permeating IP3 influx first
drives the IP3 into the regime II and then into III, generating
an oscillatory Ca2+ signal. Then, at time 40 s, the cell model
is driven into regime IV with a high IP3 concentration with
I > 0.38 μM, resulting soon in a Ca2+ plateau due to the fixed
point dynamics. Later, the IP3 starts to decay. Similar to cell
1, cell 2 keeps with the fixed-point dynamics as long as the IP3

concentration is in regimes IV and III. Once the decreasing IP3

goes into regime II with 0.14 < I < 0.25 μM, an oscillatory
Ca2+ signal will be born again. As a result, cell 2 shows a
damped Ca2+ oscillation followed by a prolonged plateau and
then another duration of slow oscillation (cell 2 in figure 3(B)).

The three types of Ca2+ patterns (cell 1, cell 2, and
cells 3 and 4) represent the three commonly observed patterns
in experiment, i.e. the spiking, brief and continuous waves
(see figure 4 in [11]). There is not only Ca2+ wave initiated
in cells 5 and 6 because the change of IP3 concentration is
very small due to the weak permeation of IP3 through the gap
junction.

Now we discuss the effect of calcium-induced IP3

generation on the Ca2+ waves. Figure 4 shows the Ca2+ signals
responding to the same local mechanical stimulation at vδ =
0 μM s−1. The responding Ca2+ signals last for no more
than 140 s and the Ca2+ plateau only holds for 100 s. This
comparison shows that the Ca2+-induced IP3 generation plays
an important role to cause prolonged Ca2+ responding signals.

(A)

(B)

(C)

Figure 5. ICWs responding to the application of glutamate bath.
(A) J G

stim = 0.0015 μM s−1 in the oscillatory dynamics regime;
(B) J G

stim = 0.0055 μM s−1 and (C) J G
stim = 0.02 μM s−1 in the fixed

point regime. The Ca2+ trajectories are obtained at the central grid
in the center cell of the network. The dashed line represents the
application of the glutamate bath.

3.3. Glutamate stimulation

ICWs can also be induced by the bath applications of glutamate
[1, 2]. The application of glutamate will stimulate the
glutamate receptor and in turn activate PLC to generate more
IP3. Three responding types of glial cells are also classified in
the experiment: sustained oscillation, damped oscillation and
a step response (see figure 2 in [1]).

In the model, a stimulation term JG
stim is applied to all

the cells representing the glutamate bath application. At the
beginning, all the cells are in steady state with Jstim = 0. At
time t = 5 s and after that Jstim is turned to a high constant
value JG

stim. Because JG
stim is applied to the cell network, all the

cells show the similar oscillating Ca2+ signals. The trajectories
of Ca2+ concentration at the central grid in the central cell of
the network are given in figure 5.

Depending on the different values of JG
stim, different Ca2+

waves are observed in the model. Oscillating Ca2+ signals
can be found for JG

stim in the regime of 0.0003 < JG
stim <

0.005 μM s−1 (i.e. regimes II and III in figure 2(A)). The
oscillating periods of the intracellular Ca2+ signals are in the
range from 45 to 12 s, as observed in experiment [1]. For
JG

stim > 0.005 μM s−1, the stable states of the cell are fixed
points. But before stabilizing at the fixed point, the model
cell will show a transient oscillating process. The damped
oscillation response is typically found when JG

stim is a little
larger than 0.005 μM s−1 (figure 5(B)). A higher JG

stim will
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induce a shorter transient oscillation, and so a large step-rise
of Ca2+ signals is observed (figure 5(C)). This study points out
that there is not a clear definition to distinguish the damped
oscillation from the step response.

3.4. Mechanical stimulation followed by ACh bath

The application of neurotransmitter ACh can stimulate the
increase of IP3 by binding to muscarinic receptors on glial
cells. Different types of Ca2+ responses are observed in
experiment with the addition of ACh after a mechanical
stimulation [11, 19]. A puzzle observed in the experiment
is that for the oscillatory cells responding to mechanical
stimulation, the addition of ACh can either increase the
oscillatory frequency or eliminate oscillation. For the no-
responding cells to mechanical stimulation, the addition of
ACh can initiate oscillation [11].

In the model, all cells are set in the steady state first with
Jstim = 0. Starting at time t = 5 s, JM

stim = 1.0 μM s−1

is added for 15 s only to the central cell representing the
mechanical stimulation. At t = 100 s, a term of JA

stim is added
to all the cells representing the application of ACh bath. Our
simulation shows that different Ca2+ responding patterns can
be observed depending on the cell position in the network and
the value of JA

stim applied. Two examples are given in figure 6
at JA

stim = 0.0015 and 0.02 μM s−1.
If the value JA

stim is in the oscillation regime of 0.0003 <

JA
stim < 0.005 μM s−1 (i.e. regimes II and III in figure 2(A)),

all the cells will stabilize at a Ca2+ oscillating state finally.
As an example, with JA

stim = 0.0015 μM s−1 (figures 6(A
and B)), although all the cells in the network will stabilize at
an oscillatory state finally, but the transient Ca2+ signals are
different, depending on the distance from the mechanically
stimulated cell. As shown in figure 6(A), for those cells which
are close to the stimulated cell, the mechanical stimulation
will induce a Ca2+ plateau. The application of ACh will
prolong this plateau (cell 2 in figure 6(B)). The larger the
JA

stim, the longer the duration of transient Ca2+ plateau. With
mechanical stimulation, the most prominent group of cells are
oscillating cells. The oscillation state can still remain with
the application of Ach (cells 3 and 4 in figure 6(B)). But the
frequency of oscillation will increase due to the increase of the
IP3 concentration (cell 4 in figure 6(B)). However, for the cells
far from the stimulated cell, which do not show an oscillatory
response to mechanical stimulation, ACh application will
initiate Ca2+ oscillations (cell 5 in figure 6(B)).

If JA
stim > 0.005 μM s−1, all the cells will stabilize at

a fixed point with a high Ca2+ concentration finally after a
transient process. An example is given in figure 6(C) at
JA

stim = 0.02 μM s−1. For the cells which are close to the
stimulated cell, the Ca2+ plateau induced by the mechanical
stimulation will be pushed to a higher plateau after the adding
of ACh (cell 2 in figure 6(C)). For the oscillating cells, after
ACh bath a transient oscillation is followed by a high Ca2+

concentration of fixed point (cells 3 and 4 in figure 6(C)).
For those cells far from the stimulated cell, ACh induces a
short duration of transient Ca2+ oscillation and then the cells
stabilize at the fixed point (cell 5 in figure 6(C)).

(A)

(B) (C)

Figure 6. ICWs responding to the local mechanical stimulation
followed by the application of ACh bath. Representing the local
mechanical stimulation, J M

stim = 1.0 μM s−1 is set only to the central
cell for 15 s from t = 5 s (dashed blue line). At t = 100 s, a term of
J A

stim is added to all the cells representing the ACh bath (dashed red
line). (A) The snapshots of intercellular Ca2+ waves in the cell
network at J A

stim = 0.0015 μM s−1; (B, C) The Ca2+ trajectory at the
central grid in cells 2, 3, 4, and 5 at J A

stim = 0.0015 and 0.02 μM s−1,
respectively.

Thus, the oscillatory cells show different responding
patterns to different ACh doses. A small ACh concentration
can increase the oscillation frequency (cells 3 and 4 in
figure 6(B)), while a large ACh concentration will eliminate
the cell oscillation (cells 3 and 4 in figure 6(C)).

3.5. Glutamate followed by mechanical stimulation

In experiment, the patterns of Ca2+ signals induced by
glutamate followed by mechanical stimulation have also been
studied [2]. It is shown that the patterns of the responding
Ca2+ waves are similar to those observed in the absence of
glutamate, but with different baselines [2].

In the model, the glutamate application means a high value
of JG

stim for all the cells. With a JG
stim, the stable state is either a

periodic oscillation with 0.0003 < JG
stim < 0.005 μM s−1 (in

regime II or III in figure 2(A)) or a fixed point with JG
stim >

7
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(A)

(B)

(C)

(D)

Figure 7. ICWs responding to the glutamate bath followed by local
mechanical stimulation. The cell network is first in the stable states
with the glutamate bath at J G

stim. Then J M
stim = 1.0 μM s−1 is set only

to the central cell for 15 s representing the local mechanical
stimulation (dashed blue line). (A–C) The Ca2+ signals with
glutamate bath at J G

stim = 0.0005 μM s−1 for cells 2, 3, and 6,
respectively; (D) the Ca2+ wave of cell 2 with glutamate bath at
J G

stim = 0.0065 μM s−1.

0.005 μM s−1 (in regime IV in figure 2(A)). The latterly added
local mechanical stimulation at the central cell will generate a
higher IP3 concentration, spreading to the nearby cells around
the stimulated cell. However, the IP3 degradation will drive the
high IP3 concentration back to its stable state corresponding
to JG

stim. So the mechanical stimulation will induce a transient
and localized waves overlapping on the steady oscillating state
or fixed point state.

Figures 7(A)–(C) show the simulation results with JG
stim =

0.0005 μM s−1, where the stable state of each cell is a
periodic oscillation. From time t = 50 s, the central cell is
mechanically stimulated with JM

stim = 1.0 μM s−1 for 15 s. For
the cells close to the stimulated cell, a high IP3 concentration is
generated, resulting in a Ca2+ plateau after a transient process
of oscillation (figure 7(A)). For the cells which are not so
far away from the stimulated cell, the oscillating frequency
becomes faster soon after the mechanical stimulation, due
to a higher IP3 concentration (figure 7(B)). For the far-
distanced cells, the mechanical stimulation has little effect
(figure 7(C)).

Another example is shown in figure 7(D) at JG
stim =

0.0065 μM s−1. For this example, no oscillation will be
found in the cells, and the mechanical stimulation only causes
a transient of high Ca2+ peak, which is also observed in
experiment [2].

4. Discussion and conclusion

In this paper, a model has been proposed for intercellular Ca2+

waves and compared with the experimental data observed
in glial cells. In the model, we consider a small term of
Ca2+-induced IP3 regeneration and assume that IP3 is the
major component carrying the signal through gap junctions
between glial cells. The intracellular Ca2+ model has a bistable
dynamics in a large regime of IP3 concentration, which is quite
different from the other Ca2+ models [14–24, 28, 29], in which
the oscillating state is typically found alone.

With the model we systematically discuss experimental
observations in glial cells responding to different stimulations,
i.e. local mechanical stimulation [11], glutamate application
[1], mechanical stimulation followed by ACh application [11],
and glutamate followed by mechanical stimulation [2]. In the
model, the local mechanical stimulation causes a high IP3

concentration in the stimulated cell, which then diffuses to
the nearby cells with a degradation dynamics. The bath of
ACh or glutamate causes a high IP3 generation rate for all
the cells. Different Ca2+ patterns observed in the experiments
are explained by the transitions of the cells among different
dynamical states: fixed point, oscillating state or bistable state.

It has been suggested that the Ca2+-induced IP3

regeneration is not a necessary term [18–20] for ICWs.
However, Hofer et al showed that a model with such a term
can account for many features observed in experimental ICWs
[23]. Later, Ullah et al suggested that it is a necessary factor to
achieve the anti-phase synchronization observed in experiment
[25]. We show in this paper that only after including a small
term of Ca2+-induced IP3 generation, the model can give
a quite prolonged Ca2+ wave, as well as a prolonged Ca2+

plateau, responding to mechanical stimulation, as observed in
experiment [11]. The term of Ca2+-induced IP3 regeneration
directly causes more IP3 messengers to be generated so as to
induce a longer duration of Ca2+ wave.

With the bistable Ca2+ model, we can easily reproduce
the prolonged Ca2+ plateau for the cells that are close to
the mechanically stimulated cell. This is because, when the
decreased IP3 concentration falls from the fixed point regime
to the bistable regime, the cell will still keep the fixed point
dynamics, resulting in a prolonged plateau. Such a large
regime of bistable dynamics makes our intracellular Ca2+

model quite different from the other Ca2+ models. It is not
clear, however, if such a bistable behavior can be observed or
confirmed in the experiment.

There is a paradoxical observation in the experiment
with mechanical stimulation followed by ACh application.
In detail, for the oscillating cells responding to mechanical
stimulation, the addition of ACh can either increase the
oscillating frequency or eliminate oscillation [11]. With the
model, we show that the effects of ACh bath on the oscillating
cells are depending on the ACh concentration applied. A small
ACh concentration will not change the oscillation state of cells,
but the oscillation frequency will increase due to the increase of
IP3 concentration. In contrast, a large ACh concentration will
drive the cell to a fixed point state at high IP3 concentration,
eliminating the cell oscillation.

8
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In the model the IP3 responses to glutamate and
ACh bath are both simply modeled by the generation rate
Jstim. This is because we only concern that a certain
IP3 concentration will be generated in the cell and so we
ignore the detailed dose-responding dynamics between IP3

generation and glutamate or ACh bath. However, experiment
also showed that astrocytes can release glutamate in a Ca2+-
dependent manner within an appropriate range of astrocytic
calcium levels and consequently may signal to adjacent cells,
giving a complex dynamics for glutamate bath [37]. Another
experiment indicated that neuronal nicotinic acetylcholine
receptors (nAChRs) are present on hippocampal astrocytes and
their activation responding to ACh bath can directly produce a
calcium current, giving another pathway to modulate the Ca2+

signal [38]. We suggest that a detailed model including these
effects remains a further investigation.

Similar to many ICW models [14–16, 18–22], we consider
here a deterministic signal dynamics with homogeneous
and symmetry cell structure. Thus, the simulated ICWs
are symmetric and regular. The biologically realistic
features, such as clustering distribution of IP3Rs, the
stochastic channel dynamics, and the heterogeneities of gap
junctional permeability and cell Ca2+ dynamics, have not been
considered. One can expect that these factors can affect the
intracellular and also intercellular Ca2+ waves, as discussed,
for example, in [23, 26]. The appearance of the ICWs with a
model considering these factors will be considerably closer to
the experimental observations and provide more quantitative
insights in ICWs.
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