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Phase signal coupling induced: m phase synchronization in drive-response oscillators
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We have studied phase synchronization between two identicsdl&ooscillators connected in the drive-
response configuration by a single phase signal. Before the transition to phase synchronization, the distribution
of the time interval between consecutiver umps shows several sharp peaks. With a strong phase signal
coupling, then:m phase synchronization between the oscillators can be achieved. Forttimephase syn-
chronizing state, some values of coupling strength result in a phenomenon characterized by a reduction in the
mean amplitude of the response termed amplitude reduction. In these regions, the mean rotation speed of the
response remains approximately constant while the locking ratiovaries.
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An interesting phenomenon of practical importance inenon. At the transition for various:m PS states, a linear
coupled chaotic oscillators is the synchronizing sfdie It relationship between the mean amplitude andithma ratio is
has been studied extensively in the context of laser dynamideund in the amplitude reduction region. Our simulations fur-
[2], electronic circuitd3], chemical and biological systems ther show that the mean rotation speed of the response oscil-
[4], and secure communicatid®]. Various types of syn- lator is maintained approximately constant throughout tran-
chronization including complete synchronizati¢f], lag  sitions to variousn:m PS states. As the phenomena of
synchronization[7], and phase synchronizatiof8] have amplitude death and semideath in two coupled nonlinear os-
been studied. It is shown that, for two nonidentical chaoticcillators and their possible application in physics, chemistry,
oscillators with mutual coupling of variables, phase synchromedicine, and biology have been observed and stUdigf
nization (P9 can be typically obtained. The coupling vari- the investigation of amplitude reduction may also lead to
ables in these studied PS systef@kare directly related to  potential application in those areas.
the amplitude of the oscillators. Therefore, after PS is ob- The proposed phase-driven method is first illustrated us-
tained at a certain coupling strength, a further increase in thing two identical Resler oscillators configured in the drive-
coupling may lead to lag synchronization and complete synresponse mode. A genenalm PS can be found for the re-
chronization[7]. The amplitudes of the two PS systems still sponse oscillator driven by a single phase signal from the
have some correlation due to the interacting variaf#¢sPS  driver. The drive oscillator is described by the following set
is distinguished from complete synchronization by the ap-of equationg12]:
pearance of entrainment between the phases of interacting

systems with less correlation in signal amplituda6]. PS X1=—Yy1- 2,
with a 1:1 locking ratio has been widely discussed for o 01 1
coupled Rasler oscillators. An interesting question is in y1=x1+0.191, @

what case can th@:m PS state be observed in coupled 2= 0.2+ 2,(x,— 10)
Rossler oscillators. It has been shown that chaotic synchro- C e :
nization has important uses for the application of securerpe response oscillator is governed by
communication[5]. In this case, a unidirectional coupling

signal is required to be a transferable signal. Thus in order to Xo=—Yo—2Z,+&(r,coq Bgdq)—X5),
use PS for secure communication, it is important to find ef-
fective methods to achieve PS between two unidirectionally Yo=Xo+0.15/5,+e(r, SiN(Bd1) —VY2), (2)
coupled drive-response oscillators.
In this paper, we introduce a method to obtainnhe PS 2,=0.2+25(x,— 10),

between two unidirectionally coupled oscillators in which a ) ] ) ]
phase signal is used as the driving force. The system studignere#. is the phase of the driver; is the amplitude of the

in the paper consists of two RBsler oscillators in a drive- Fésponse system, andis the coupling strength. The param-
response configuration. Its dynamical features:oh PS are ~ €ter 8 is given byn/m, which is termed the locking ratio.

discussed in detail. For the non—phase-locking case, the dighe phase and the amplitude of the sBler attractor are,

tribution of the time interval between consecutive @mps ~ fespectively, defined 443]
shows several peaks. For them PS state with#m, the

mean amplitude of the response fluctuates substantially when b= arctar(& with i=1,2, 3)
compared with that without any coupling. In a certain range [

of coupling strength, the mean amplitude could become very R

small. This is referred to as the amplitude reduction phenom- r=(x+y)™ with i=1,2. 4
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FIG. 1. Phase jump phenomena in a system composed of tw
Rossler oscillations at various coupling strengths. The phase loc
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FIG. 2. The mean amplitudér,) and the corresponding fre-
quency differencA )., at coupling strength €¢,.,<<13. The left
vertical axis is for thg(r,)—¢e,.; plane while the right one corre-
sponds to thé\ Q),.,—&,., plane. The region wherg ,) is close to
zero corresponds to amplitude reduction. The inner plot is an en-
largement of this amplitude reduction regiash., is the critical
coupling strength at the transition to PS.

the step size of the coupling strength is chosen as 0.01. When
e<e5.,, the phase separatiofy., increases progressively
by 27 jumps, as shown in the inset of Fig(al If ¢
=sS.., the phase separation is basically zero with a small
high-frequency fluctuation. The corresponding mean fre-

ing ratio isn:m=2:1. (a) Time evolution of the phase separation duency difference is shown on the),.; — &5, plane in Fig.
0, The inset shows a singlerdump enlarged from the curve for 2- When the coupling strength increases from zero, the mean

£=2.0. (b) Probability distribution functiorp(l) of the time inter-

frequency difference reduces continuously. After the transi-

val | between two adjacent2jumps. The open triangles indicate tion point, we haveA(),.;—0.

the distribution at = 1.5. The solid squares show the distribution at

e=1.7. The distribution in the inner plot is fer=2.8.
The n:m phase-locking condition requires

©)

| 0n-m(t)|<const,

In order to quantify the dynamics of phase separation near
and away from the PS transition in Figal, we compute the
probability distribution functionp(l) of the time intervall
between two successiverjumps for various values of cou-
pling strength. It is plotted in Fig.(b) for e=1.5, 1.7, and
2.8. Fore =1.5, shown with an open triangle, there are only
two clusters for the distribution function at the time intervals

where 6,.m(t) =N (t) —mMey(t) is the generalized phase of 3.1 and 6.3. Therefore, the distribution of time intervals
separation or the relative phase. Note that both the phase ap@tween consecutiver2jumps fore=1.5 could be consid-
the phase separation are defined on the whole real line, rathgfed as having only two sharp peaks. Wken1.7, the solid

than in the region of0, 277]. The locking condition specified
by Eq. (5) is equivalent to frequency locking, i.enQ;
=mQ,, whereQ;=(¢;) with i=1,2[14]. With the mean
frequency, the mean frequency difference is defined,

AQn:m:nﬂl_mﬂz. (6)

squares show three main peaks of time interval at 5.9, 12.0,
and 18.4. The difference between two adjacent peaks is
nearly equal to 6. However, with a further increase of cou-
pling strength, the bandwidth enlarges and the peak location
becomes ambiguous. When the coupling strength is close to
the critical transition value, the statistics follow a Lorentzian
curve[13] whose distribution function is asymmetrical. This

Equations(2) and(5) indicate that the amplitudes of the two is shown in the inner plot of Fig.(h).

oscillators are not directly correlated since the driving signal

is the phase signal of the drive oscillator.
We perform simulations witm:m=2:1. That is, the fre-

A peaked distribution for the time interval between con-
secutive 2r phase jumps could be found at various values of
B, except forB=1. When the coupling strength moves away

guency of the response oscillator is twice the intrinsic frefrom the critical valuest. ., the distributionp(l) changes
quency of the drive oscillator. All simulations reported omit from a Lorentzian curve to sharp peaks. The corresponding
the first 1X 10° units of time. Curves of the phase separationpandwidth narrows. Some researchers have reported that at a
versus time are plotted in Fig(d for coupling strengthe  certain coupling strength, the phase separation increases with
=2.9, 2.7, and 2.0. The transition to 2:1 PS occursat g nearly periodic sequence ofr3umps[13]. However, the
=2.89+0.005. This value of the coupling strength is re- phase jump phenomena observed here occur at several values
ferred to as the critical coupling streng#j.,. The uncer-  of time interval. This is due to the fact that the former PS
tainty is mainly caused by the fact that in all our simulations,phenomenon is caused by two nonidentical coupled oscilla-

036214-2



PHASE SIGNAL COUPLING INDUCEDn:m PHASE . .. PHYSICAL REVIEW E 63 036214

100

FIG. 3. (a—(d) The mean amplitudér,) and the mean frequency differend€) vs the coupling strength and the locking ratio® or
1/B in the response oscillators. [a) and (b), simulations are taken witB from 1 to 10 at the interval of 0.25 ardfrom 0 to 100 at the
interval of 1. In(c) and(d), simulations are taken with /from 1 to 10 at the interval of 0.25 andfrom 0 to 3 at the interval of 0.06.

tors running at the same frequency while the PS studied heraf the response jumps up rapidly and at last exceeds that of
is based on two identical drive-response oscillators at differthe drive oscillator. Within the amplitude reduction region,
ent frequency. the mean amplitude rises, but at a relatively slow rate when
Whenn#m, an increase of coupling strength can causecompared with the rapid jump ab.,;>9. This is illustrated
the mean amplitude to be reduced substantially. Howevely the inner plot of Fig. 2.
this amplitude reduction phenomenon occurs only in a cer-  Amplitude reduction is a general phenomenon at various
tain region. A further increase of coupling strength causesocking ratios except:m=1:1, as shown in Figs.(8—3(d).
the mean amplitude to be enlarged. In order to investigat€igures 3a) and 3b) show, respectively, the distribution of
this feature in detail, we calculate the mean amplitide  the mean amplitude and the corresponding mean frequency
of the response oscillator. Note that the mean amplitude ofiifference for from 1 to 10 ands from 0 to 100. When
the drive oscillator igr,)=10.65, which is the same as that B=1, the mean amplitude of the response oscillator never
of the response whesxi=0. shrinks, even at large coupling strength. For increg&etie
The locking ratio remaine:m=2:1 and the simulation is  region of coupling strength where amplitude reduction is ob-
performed in the coupling range<Ce,.;<<13. The corre- served also enlarges. Whg>5.5, the mean amplitude re-
sponding mean amplitud@ ,) is also plotted in Fig. 2. As  mains shrunk even at=100. The corresponding mean fre-
coupling strength is increased from zero, the mean amplitudguency difference is shown in Fig(i8. Note the change in
rapidly shrinks. However, the mean frequency differencethe view angle of Figs. @ and 3b). In Fig. 3b), PS is
A(),., does not decrease to zero until the coupling strengtlalways achieved with any coupling strength whge-1.
exceeds the PS critical value, i.ey.;=¢5.,. In the phase- Three distinct regions can be identified. With a small cou-
locking region 2.%<e,.4<9, the mean amplitude remains pling, the increase g8 causes a linear increase &f) in the
low, as shown in Fig. 2. Whea,.,;>9, the mean amplitude range AQ>1. This is because under a small coupling
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strength);~(,. The approximately linear relationship be-
tweenB and AQ) could be found from Eq(6). On the other
hand, PS is observed with a large coupling strength. Between
these two regions, there is a non—phase-locking region with
small AQ) (<0.5). It is observed from the figure that to get
phase locking for a largeB, a largere is needed. Recent
investigation of PS always relates to weak coupligj.
However, in our study, strong coupling can also lead to PS.
For example, wher =100, we observe from Fig.(& that
(ryoy#(rq). But Fig. 3b) shows that the mean frequency
difference is zero in the corresponding region. Therefore, PS
is obtained withg from 1 to 10 whene =100.

Similar phenomena can be found when the frequency of

<r>(vs. B)

the response oscillator is lower than that of the driver. Fig-  ,4¢" AG
ures 3c) and 3d) show the distribution of the mean ampli- 12 b p) © 35
tude and the corresponding mean frequency difference with
1/B from 1 to 10 anc: from O to 3. However, there are some 10l 180
differences when compared with FigsaBand 3b). With A By
the increase of coupling strengt{r,,) jumps up from the v 128 <
amplitude reduction region and its value seen in Fig) & 0.8 -
always less than that of the drive oscillator. On the contrary, 120
Fig. 3(@ shows that this value is always larger than that of o6 s
the driver under the same situation. 5 6 7 8 9 105 6 7 8 9 10

In the nonsynchronous region of Fig(d} as 1B in- " B

creases, the mean frequency difference increases @tand
decreases whea>0. However, in the same region of Fig.
3(b), an increase oB results in an increase df() at various
e. In our simulation, PS is always found fordlfrom 1 to 10
whene>3. However, in Fig. &), this phenomenon is only
observed wher>90. In this regard, Fig. @) only shows
the mean frequency difference correspondingstérom 0
to 3.

It is interesting to extract additional information about the
relationship betweekr,) and g8 in the amplitude reduction
region. Further simulations are performed with the locking
ratio varied in the range S8 (or 1/8) <10. The obtained 0.00 . . ;
data are plotted in Fig.(d). All the mean amplitudes are 2 4 6 8 10
obtained in the PS region with coupling strengths equal to Bor

Cc Cc Cc C H
1.0ep1m, 1.4, 1.8, and 2.@;.,, respectively. For FIG. 4. (@ The mean amplitudér,) at various locking ratios

B> 1 the_four solid curves show an |nvers§Iy proportlonaland coupling strengths. The left vertical coordinate is forih- 8
relationship betweefr,) and 3. The change in the slope of pjane while the right one corresponds(te)-1/8. (b) The relation-
the curves follows the same trend for the four couplingship betweerr,) and 1. (c) The relationship between(th) and
strengths considered. F@r<1, the dotted lines also indicate g at various locking ratios witl,,.,= 1.0ef..y, Whereer., is the
the same inversely proportional relationsfite that in Fig.  coupling strength at transition for locking ratimm. The open
4(a), the horizontal coordinate is @whenB<1]. However, circles correspond to the data obtained in simulation while the lines
an increase of coupling strength results in a change of there resulted from linear fittingd) The mean rotation spedd) at
slope of the dotted lines. When the coupling strength is fawvarious locking ratios and coupling strengths. (& and (d), the
away from the PS critical value, e.ge,.m=2.0e;.,, and  solid lines correspond t8>1 while the dotted lines correspond to
1/8>7.5, the corresponding dotted line jumps up rapidly.3<1. Wheng<1, the horizontal coordinate is written asgl/

This indicates thafr,) has jumped out of the amplitude

reduction region because of the large coupling strength. In the following, we investigate further the slope coeffi-
Similarly, a further increase of coupling strength {81 cient of (r,) versusg (or 1/8) in the amplitude reduction
could also causér,) to jump out of the amplitude reduction region. We perform linear line fitting for the solid and dotted
region (not shown. On the other hand, when the coupling lines corresponding te,, ,= 1.0ef.,, in Fig. 4@ and plot the
strength is close to the critical value, e.g., atef.Q and  results in Figs. &) and 4c), respectively. In order to show
1.4ey.,, the slope of the dotted lines is approximately con-the relationship clearly, the latter graph is plotted a3 )/
stant when 5<1/8<10. The solid lines show the inversely versusg. In Fig. 4b), an empirical formulgr,)=«~(1/8)
proportional relationship when$8<10. +p~ is used while it is ¥r,)=«"B+p™ for Fig. 4(c). In
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the formula,x~ and«* are the slope coefficients whije ande,.,=2.0e:..,, the mean rotation speed jumps up rap-
and p* represent the intercepts. The results of line fittingidly as the mean amplitudé,) begins to leave the ampli-
show thatk =1.3x102, p~=3.8x10 3, k*=36.5, and tude reduction region shown in Fig(a}.
p"=—14.9. As aresult, we may assume that the relationship The demonstration of PS in a system driven by a single
between(r,) and 3 can be described by the assumed empiri-unidirectional phase signal is important to facilitate the ap-
cal formula. In this regard, one can find that the mean amplication of PS. This is because the amplitudes of the drive
plitude and the locking ratio have a linear relationship wherfnd the response oscillators are shown to have less correla-
the locking ratio is far away froom:m=1:1 and the cou- tion with each other. Thus an increase of the coupling
pling strength is near the critical value for transition to PS. Strength will not drive PS to complete synchronization.
For a rotational movement, the speed of rotation can béloreover, the proposed phase driving scheme can realize

deied. I partcuar, the mean rotaon spee ofthe chaonk 0. PISSE KD Moes e [oduves o o
response oscillator can be expressed as y piing

interacting couplings, etc. Similar to the application of com-

(1)=(ry)Q,. 7 p_Iete s_ynchronization achievgd by using a single amplitude

signal in secure communication, the proposed scheme also

Simulation results of the mean rotation speed versus phasécilitates the application of PS in this field. As the control of
locking ratio 3 for the four coupling strengths studied above @ phase signal may also result in the symbolic dynamics
are shown in Fig. @). The solid lines correspond to the following a desired symbol sequengEs), this information-
(v)-B plane with 8>1 while the dotted lines are on the €ncoding method may be utilized in secure communication
(v)-1/3 plane with3< 1. For 8> 1, the increase o8 at first by a single unldl_rectlonal phase _S|gnal. T_he fea_ture of con-
causes a reduction of the mean rotation speed. This spe {fint mean rotation speed_at various Iock_lng_ratlos may also
then remains almost constant even when the coupling€P I information encoding. Such applications using the
strength varies from 1ef, to 2.0s%.. . However, a smaller hase signal as driver will be investigated in detail.

. ici h . 4 when th In conclusion, we have proposed a method to achiewe
Bis su icient to approac constant rot_a_uon speed when M85 in which the drive-response oscillators are connected by
coupling strength is close to the transition coupling. [Bor

‘ . only a single unidirectional phase signal. The amplitudes be-
<1, an increase of Ffrom 1 to 2 causes a sharp reduction v een the oscillators remain uncorrelated with increased cou-
of the mean rotatlo_n speed. A nearly constant mean rotatloB”ng strength. The time interval between consecutive 2
speed is observed in tfge ranggo.cs, Le, 18>2, whenthe ;,nns typically appears at several intervals when the cou-
coupling is equal toe;.,, or 1.4,.,. For the couplings pling strength is far from the PS transition point. The re-
enm=1.8e5, and 2.8y, the mean rotation speed in- gponse oscillator shows amplitude reduction wheam.
creases when fincreases from 2. Simulations show that the mean amplitude in the amplitude

In fact, the behavior ofv) versusg is closely related to  reduction region has a linear relationship with the locking
the behavior ofr,) versusg, as governed by Eq7). Itis  ratio. Moreover, the mean rotation speed of the response at-
the linear relationship betweén,) and 8 that has led to the  tractor remains constant throughout the coupling strength
constant mean rotation speed. For example, considéling near the PS transitions at various locking ratios far away
=(n/m)Q,=BQ, and B>5, we have ¥f,)=«k"B+p*.  fromn:m=1:1. All these features as well as the method of
Then Eq.(7) can be rewritten as using a single phase signal to obtain phase locking may be

utilized in communication.
BQy
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